1960

IRE TRANSACTIONS ON MICROWAVE THEORY AND TECHNIQUES

617

Mismatch Errors in Microwave Phase

Shift Measurements*

G. E. SCHAFERT,

Summary—The phase difference between the incident and
transmiited waves at the input and output ports, respectively, of a
two-arm waveguide junction in a reflection free system is a char-
acteristic of the waveguide junction and is defined as the “phase
shift.” The difference between the phase shift in a reflection free
system and the “change of phase” observed in a system which is not
reflection free will be termed mismatch error. The mismatch error
depends not only on the reflections present in the system but also on
the choice of the wave used as the reference wave in a phase meas-
urement. Similar considerations hold for the measurements of varia-
tion of phase shift and the observed change of phase in adjustable
components.

A formal scattering matrix analysis is used to derive expressions
for phase relationships of the wave amplitudes for a two-arm wave-
guide junction in a system with reflections. The resulis of this analy-
sis are used to evaluate mismatch error for different choices of refer-
ence waves. Two techniques of variation of phase shift measure-
ments are analyzed. Graphs of the limits of mismatch error in a
commonly used method of measurement are presented.

INTRODUCTION

113 {HE phase shift through a waveguide component
T at a single frequency is the phase difference under
matched conditions between corresponding in-

cident and transmitted field quantities at the input
and output ports, respectively, ignoring multiples of 27
radians.” From this definition, it is seen that the phase
shift through a waveguide component is a characteristic
of the component. However, if the component is in-
serted in a system which has reflections, two interactions
take place which cause errors in measurements of phase
shift. It will be shown that the phase difference between
the ercergent wave from the output port (transmitted
wave) and the wave incident at the input port (incident
wave) depends only on the reflection coefficient of the
equivalent load attached to the junction and the char-
acteristics of the junction. However, the phase of the
incident wave with respect to some independent refer-
ence such as the component of the incident wave sup-
plied by the generator depends on the reflection coeffi-
cients of both the load and the generator, and the char-
acteristics of the junction. Consequently, the phase of
the emergent wave with respect to an independent ref-
erence depends on the reflection coefficients of the load
and generator and characteristics of the junction. The
difference between the phase shift and the phase change
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observed will be termed a mismatch error. Care must be
exercised to determine which wave is being used as a ref-
erence in evaluating these mismatch errors. Similar
considerations hold for measurements of wvariaticn of
phase shift and the observed change of phase in adjust-
able components such as microwave phase shifters or
attenuators.

A scattering matrix analysis is used to derive the
phase relationship among various wave amplitudes in a
two-arm waveguide junction inserted in a system with
reflections. Mismatch errors are evaluated for two
choices of reference waves. Two commonly used nieth-
ods of measuring variations of phase shift in adjustable
components are analyzed for mismatch error. Limits
of mismatch error are calculated for the first method, a
two channel arrangement, and presented in two graphs.
One graph presents limits of error for lossless com-
ponents and is valid for low loss phase shifters. The lim-
its of mismatch error for a lossless phase shifter are
slightly larger than those which would be encountered
in a low loss component such as a commercial phase
shifter, or in an attenuator when one or both of the set-
tings is less than 20 db. The other graph is for com-
ponents which have at least 20 db loss at both settings.
This graph is presented since such measurements have
smaller limits of mismatch error.

The second method which is treated uses a short cir-
cuit and slotted line to measure the phase shift or varia-
tion of phase shift of low-loss components. The error is
evaluated and it is found to depend to the first order
only on the mismatches of the component and not on
the mismatches of the generator.

THEORY

A two-arm waveguide junction may be represented
as in Fig. 1. The phase of the emergent wave from arm 2
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Fig. 1—A two-arm waveguide junction representation.

(the transmitted wave) with respect to the other waves
associated with the junction may be derived by the
use of the scattering matrix, S. In terms of this matrix,

b=Sa (1)

where b is a column matrix of the emergent wave ampli-
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tudes, @ is a column matrix of the incident wave ampli-
tudes, and S is the scattering matrix of the junction. It
can readily be shown from (1) and Fig. 1 that the output
wave is related to the component of the input wave
supplied by the generator b¢ by

be Sa1
R (2)
be (1 —TiTg)(l — Seel'p)

where the .S’s are elements of the scattering matrix asso-
ciated with the two arm junction, and I'¢ and I'p are
the equivalent generator and detector reflection co-
efficients, respectively, and I'y is the reflection coefficient
of the equivalent load attached to the generator. I't may
be expressed as

SIZSZIPD

Iy = Sy 4 o 3
R 3)

The argument of (2) is the phase difference between the
emergent wave, bz, and b, which is the wave that would
be delivered to a reflectionless load. b¢ is independent
of the refléctions of the system and therefore is termed

the independent wave.
Eq. (2) may be written in the form

bz b‘) ai

-2 4)
bG a1 b(; (
where
b Se1
Eo (s)
a1 —S»Ip
and
a1 1

be (1 — I'iTg)

The argument of bs/a; is the phase difference between
the transmitted wave and the incident wave. The argu-
ment of a1/b¢ is the phase difference between the inci-
dent wave and the independent generator wave, bg.
When I'p=T'¢=0, the phase difference of (6) reduces
to zero and both (2) and (5) reduce to

bs )

= Sy = |521\ it (7)

a1
where ¢, is, by definition, the phase shift through the
waveguide component.

EvarLuaTioNn oF MISMATCH ERROR
Case I. The Reference Wave is the Independent Wave, be

In techniques where the independent wave is used as
the reference wave, the mismatch error for a phase shift
measurement may be obtained by rewriting (2) in the
form

bo
.b__ = { 521| e]¢21i Eal erca, (8)
G
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where

1
| E.| e = (1 — ThTe)(1 — Smal'p) ©)

The difference between the measured change of phase
and the phase shift of the component is just ¢, the argu-
ment of (9). For differential phase shifters or attenu-
ators, using front superscripts 7 and f to denote initial
and final settings, respectively, the change of phase of
by with respect to the independent wave may be ob-
tained from an expression derived from (2), which is

'22 . fSZl (1 - TlI‘G)(l — 735221—‘1))

by Sy (1 — T Ta)(1 — Seal'p)

(10)

where the argument of (10) is the change in phase of the
emergent wave, by, with respect to the independent
wave when the setting of the junction is changed. For
I'p=T¢=0, this reduces to
by IS |/Sum

Ez— ‘522_ |i521‘

T o1
erU¢ar 0521)’

(11)

where o — by is the variation of phase shift when the
setting of the junction is changed. For I'¢ and I'p not
zero, (10) may be written in the form

l__sz | o1 o) —

— T gilen—te) | |, | eien 12
Zb?l ii521|e i le b'eJ ’ ( )

where #f»—4)» is the change in phase of the emergent
wave for I'p and I'¢ not zero, ‘¢ — *pa is the variation
of phase shift of the component, and

(1 — TiT'e)(1 — 1S22Tp)
(1 =7/ Tg)(1 — 7S2.Tp)

Ey— | By e = (13)

From (12) it can be seen that the mismatch error in this
case is the argument of (13).

Case II. The Reference Wave s the Incident Wave at the
Input, ay

In techniques where the incident wave is used as the
reference wave, (5) may be written in the form
by

- = J S21| e]’¢21| EC’ elec
a

(14)

where ‘¢ is the phase shift of the component and
1

| Ec| plec = .
1 — S2l'p

(15)

It can be seen that the argument of (15) is the mis-
match error when the incident wave is used as a refer-
ence. For adjustable components, the change in phase
of the emergent wave may be written, when the inci-
dent input wave is used as a reference wave, as

Ths /Sa1 1 — 59T

_—= ———re—— (16)
by Sa 1 —1S85Tp




1960

or as
by 118y
— = el U o21—"621) | Ed| eitd (17)
by ' St
where
1 — =857
| By et = —— 22 (18)
1 —78:Tp

and ¢, is the mismatch error in this case.

APPLICATION I

A two-channel method of measuring variation of
phase shift is illustrated in Fig. 2. Usually there is con-
siderable isolation between the component under test
and power dividing network. Under these circumstances,
a portion of the energy of the oscillator traverses a
separate isolated path and behaves as an independent
reference wave for the change of phase measurements.

COMPONENT 2ERO
UNDER ST
TEST
GENEmOR—~_J‘: . DETECTOR
™ l
STANDARD ZERO
PHASE
SHIFTER SET

ARRANGEMENT A

COMPONENT STANDARD
] UNDER

PHASE

TEST SHIFTER
I\
Ve

ZERO
SET

GENERATOR—» A4 DETECTOR
D

ARRANGEMENT B

Fig. 2—Arrangement of equipment for a two-path
method of measuring phase shift.

Without this isolation, the equipment may be adjusted
to use the incident wave as a reference. The present dis-
cussicn assumes this isolation to be infinite. Since the
independent wave is used as a reference, the mismatch
error is given by (13). If the magnitudes of the terms
other than ‘Ei and unity in (13) are small compared to
unity then to a good approximation,

! El ef=1— T Tg — S0Tp + 'Til¢ + /SeTp, (19)

and the mismatch error, ¢, may be written approxi-
mately as

¢ = argument of

[1 — T Tg¢ — Seel'p +/TiT¢ + nggFD]. (20)

However, it is inconvenient or sometimes difficult to
evaluate the phases of the scattering and reflection co-
efficients, while limits of their magnitudes are more
readily determined from estimates of maximum VSWR.
Therefore, limits of error (maximum error) for arbi-
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trary phases of these coefficients are evaluated here.
One may represent (19) in graphical form as shown in
Fig. 3. Allowing the phases of the coefficients to take on
appropriate values, the maximum error, lim €, will occur
when the resultant is 90° out of phase with the variables,
as shown in Fig. 4. Under these conditions

sin (lim €)

= |'T\Te| + [$S2Tp| + [IiTp| + [Seln|, (21)
which for small angles may be written,
lim e

T Te| + [iSnle

+ ’fFIFG| -+ |f522FD‘. (22)
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Fig. 3—Representation of (13,
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Fig. 4—Representation of (19) for maximum e.

A conservative estimate of the limits of mismatch
error may be quickly obtained by using the manufac-
turers’ specifications for the magnitudes of the scatter-
ing coefficients. It should be noted, however, that for a
specific measurement, determining the value of the mag-
nitude of the scattering coefficients will usually result
in smaller limits of error since manufacturers generally
specify only the maximum value over the entire operat-
ing range. It should be emphasized that the limits of
error calculated from (22) are maximum errors based
on the assumption that the phases of the scattering
coefficients change an arbitrary amount. Limits to
these phase changes can frequently be determined, and
for precise measurements, it is then desirable to use
these limits and determine the smaller limits of error
by use of (13).
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GRAPHICAL PRESENTATION OF RESULTS

The graphs are constructed to present a limit of mis-
match error in variation of phase shift measurements as
a function of the mismatches of the generator, detector,
and phase shifter. The {ollowing assumptions were
made to simplify the presentation and they introduce
only a small loss of generality. It is assumed that: 1) the
equivalent generator and detector reflection coefficients
are of equal magnitude, 1fgl = | I’D] : 2) the input and
output voltage standing-wave ratio (VSWR) of the
phase shifter are equal, and therefore | Sn| = | Sea| ; and
3) the detector reflection coefficient and .S combine to
give maximum magnitude of T'y.

The results for a lossless phase shifter are presented

in Fig. 5, and for a lossy one in Fig. 6. The limits of
error are plotted against the input or output VSWR
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Fig. 5—Limit of mismatch error for lossless phase shifters.

e

€, DEGREES

100120520y

0.001 1 1 L 1 L L
10 13 i2 13 14 15

Ty = Opp

Fig. 6—Limit of mismatch error for attenuators with initial
and final settings greater than 20 db.
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(011 or 03) of the phase shifter or attenuator. Fig. 5 gives
limits of error for a lossless phase shifter and conserva-
tive limits of error for phase shifters with less than 20
db loss or attenuators with one or both settings at less
than 20 db loss. Fig. 6 gives limits of error for attenu-
ators when both settings are at least 20 db or phase
shifters with 20 db or more of insertion loss.

As an example, consider a phase shifter with 0.5 db
insertion loss and maximum input and output VSWR
of 1.35 placed in a waveguide system with maximum
VSWR looking towards the generator and detector of
1.05. The conservative limit of error as given by Fig. 5
is 0.90°. However, if this component has 20 db or more
loss at both settings, the limit of error as given by Fig. 6
is 0.84°. The difference between the limits of error for
the lossless and high loss cases becomes more pro-
nounced as the ratio of {I’Dl to |S11| becomes larger
and therefore both graphs are presented.

The graphs may also be used to estimate the maxi-
mum permissible VSWR of the equivalent generator and
detector to attain a given accuracy of variation of
phase shift with a calibrated phase shifter. One case of
interest is a microwave phase shifter of maximum
VSWR of 1.35 which is calibrated to 2° accuracy. To
utilize this accuracy, an estimate from Fig. 5 indicates
that it should be used in a system where the VSWR
looking towards the generator and detector are 1.10,
or less. Another case of interest is the comparison of the
variation of phase shift of two components within 0.1°
in a two channel method. This would be satisfied if the
limit of mismatch error for each component was 0.05°.
If one of the components is a microwave phase shifter
with maximum VSWR of 1.35, the maximum VSWR of
the equivalent generator and detector for 0.05° limit is
1.004. If the other component is an attenuator with
maximum VSWR of 1.15, the maximum VSWR of the
equivalent generator and detector for 0.05° limit is
1.006.

It may be useful here to emphasize the meaning of
the limits of error presented in the graphs. These are
maximum errors due to mismatches, since it was as-
sumed that the phase changes of all coefficients were
arbitrary. If one has knowledge of the limits of phase
changes of the coefficients, or actual values, it is desir-
able for critical work to turn to (11) and evaluate closer
limits of mismatch error, or actual mismatch error.

AppPLICATION I

A method which has been used to measure the varia-
tion of phase shift of a low-loss reciprocal waveguide
component by terminating it with a calibrated sliding
short circuit and using a slotted section as a detector is
illustrated in Fig. 7. A minimum of the input standing
wave pattern is used as a reference to position the
probe. When the component under test is adjusted to a
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new setting, the minimum of the input standing wave
pattern is restored to the reference plane of the probe by
moving the calibrated short circuit. Since the wave
travels through the component in both directions to
form this pattern, twice the phase shift of the compo-
nent is assumed to be equal to the change of phase of the
reflection coefficient of the attached short circuit.

DETECTOR

I

COMPONENT
UNDER
LINE TEST

T
SLOTTED ADJUSTABLE
SHORT

CIRCUIT

GENERATOR _|

Fig 7—Arrangement of equipment for a short circuit method
of measuring phase shift of low-loss components.

Neglecting any errors caused by probe loading, the
minirmum of the input standing wave pattern occurs
when

b
argument of 2o 2n 4+ D, (23)

a1
where 7 is an integer. The minimum of the pattern is
restored to the initial position by adjustment of the
short circuit and this condition may be expressed by

by by
arg — = arg —; (24
fay '@y
or
arg Ty = arg T (25)

where I'; is the input reflection coefficient of the com-
ponent when arm 2 is terminated with a sliding short
circuit with reflection coefficient I';. Substitution of an
expression for I'; in terms of the scattering coefficients
of the component and the short circuit allows the ad-
justment conditions to be written as

fole frs
arg <f511 + —‘_‘>
1 — 78T,

1S212 ’LPS
= arg <l511 + T S I T >, (26)
- 22 s

when reciprocity in the form, Sy =S, has been as-
sumed. For lSzzI'sl «1, this may be written approxi-
mately as

arg ((Su + 7S2:? /T + 75917 /82 ' T%)

= arg (IS + iSa® T, + 852 1S9, T3, (27)

The measured variation of phase shift is based on the
assumption that Si1=.S52=0 and that the arguments of
785921, and iSy:? 'T's are equal, which leads to

Thar — “por = (s — M¥y) (28)
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where %, and Y, are the initial and final phases, respec-
tively, of the reflection coefficient of the sliding short
circuit, I';.

It is apparent, however, that the actual change of
phase can differ from this ideal when S;; and .Sy are not
zero, or

a1 — ‘1) — %(l‘l’s — ) = e, (29)
where ¢, is the mismatch error in this method. Eq. (29)
can be shown to be equivalent to

fSle fPs

2e, = arg ————
i5212 'LI‘S

= arg /52T, — arg :55% T, (30)

The difference between these two arguments, 2¢, can
be seen from Fig. 8, a graphical representation of (27)
which describes the actual adjustment of conditions for
the general case. The limits of this difference, assuming
all phases of the reflection coefficients are possible, may
be obtained from

1
sin (lim ¢,) = B [sin(lime;) -+ sin(limey) ]

U [ISu] + [S22/Se/T.?|
2 /S22 /T, |

1 [iSu] 4 [iSn? 2Sn T
2 |:S9:2 T,

(31)

where lim ¢, is the limit of error, and lim ¢ and lim e
are limits of & and e as shown in Fig. 8. A readily calcu-
lated approximation for the limit of error may be found
by assuming [521‘ =1, II’SI =1, and iSu} and [Szzl do
not change with adjustment. This approximate limit of
error may be obtained from

sin (lim e,) = | Se| + | Sul . (32)
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Fig. 8—Representation of (27}.



622

If the input and output VSWR of the component are
equal and the error is small, the limit of mismatch error
may be written as

(33)

lime, = 2 1 St } radians

which can be readily shown to be equivalent to a result
for lossless components quoted by Magid.? It may be
useful here to emphasize the meaning of the limits of
error obtained by (33). These are maximum errors due
to mismatches, since it was assumed that the phase
changes of all coefficients were arbitrary.

2 M. Magid, “Precision microwave phase shift measurements,”
IRE TraNs. oN INSTRUMENTATION, vol. [-7, pp. 321-331; December,
1058.
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For the same phase shifter considered in Application
I (VSWR<1.35), the limits of error are +17°. It is of
interest to note that the mismatch error in a variation
of phase shift measurement in this method is independ-
ent of the reflection coefficient of the generator.

Additional errors in this method such as those caused
by probe loading in the slotted line are not within the
scope of this analysis, but should be taken into account,
if they are appreciable compared to the mismatch error.
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A Note on the Optimum Source Conductance
of Crystal Mixers®

R. J. MOHRY, MEMBER, IRE, AND S. OKWIT], MEMBER, IRE

Summary—This paper describes an accurate and convenient
technique for measuring the match of a crystal mixer. Use is made of
the fact that with a proper RF drive level, the fundamental conduct-
ance of a mixer crystal may be made equal to the optimum source
conductance of the crystal for mixer operation. The required drive
level depends on certain crystal parameters and on the image fre-
quency termination of the mixer. Design curves are given which sim-
plify the determination of the proper RF drive level for a wide range
of crystal parameters and their condition of image frequency ter-
mination.

INTRODUCTION

HE DESIGN of a crystal mixer may conveniently
be broken down into three parts:

1) design of a signal coupling mechanism which will
provide the optimum source conductance for
minimum available conversion loss,

2) design of a local-oscillator coupling mechanism
that has negligible effect on the signal admittance,

3) design of an RF bypass circuit that will not allow
the RF power to couple to the TF load circuit.

* Received by the PGMTT, April 29, 1960; revised manuscript
received, July 18, 1960.
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This paper deals with certain considerations of the
design of the signal coupling mechanism. In order to
achieve a minimum noise figure crystal mixer receiver, it
is necessary to design the mixer for minimum available
conversion loss. From linear network theory, applicable
to a crystal mixer, there is an optimum source conduct-
ance for minimum available conversion loss. In the
practical design of a crystal mixer, it is usually assumed
that this optimum conductance is equal to the fund--
mental component of the conductance of the crystal for
a high-level RF signal, of the same magnitude as the
local-oscillator drive, but in the absence of this local-
oscillator drive. Under this assumption, the crystal
mount is then designed to be matched to the line at this
high level of RF signal.' This generally gives a good ap-
proximation to the optimum match condition for the
broadband mixer?? (image {requency termination equal

! R. V. Pound, “Microwave Mixers,” Rad. Lab. Series, McGraw-
Hill Book Co., Inc., New York, N. Y., vol, 16, p. 122; 1945.

2 H. C. Torrey and C. A. Whitmer, “Crystal Rectifiers,” Rad.
Lab Series, McGraw-Hill Book Co., Inc., New York, N. Y., vol. 15,
pp. 111-178; 1948.

3 Operation in this condition is discussed by Torrey and Whit-
mer, Ibid. Data cited there show that the conversion loss (L) for this
condition differs from the optimum conversion loss (Ls) in the broad-
band condition by less than 0.2 db.



